Abstract. We prove a K-theoretic L 2 -index theorem for families of elliptic operators which in the case of a single operator reduces to the refined L 2 -index theorem of Lück from [14] . The proof employs embeddings into acyclic groups, following the main idea of [7] .
Introduction
Let M be an infinite normal cover of a closed smooth manifold M with covering group Γ and let D be an elliptic differential operator acting on a vector bundle over M . The classical Atiyah's L 2 -index theorem [1] asserts that an a priori real valued index defined for the Γ-equivariant lift of D to M coincides with the Fredholm index of D. This result, combined with the Atiyah-Singer index theorem gives a cohomological formula for the index of the lifted operator that has been vastly generalized using heat kernel methods to the case of a family of operators equivariant with respect to a proper action of anétale smooth groupoid; see [8, p. 278] , and also [9] for the case of foliations. In this note, we prove K-theoretic generalization of the L 2 -index theorem to families which in the case of a single operator reduces to the refined L 2 -index theorem of Lück from [14] .
We consider the following situation. Let M be a smooth (noncompact) manifold, let Γ be a countable group, and X a compact connected Hausdorff space. Assume that we are given the following data: a fiber bundle Z over X with fiber M and structure group Diff( M ), a fiber bundle Λ with fiber Γ and a bundle map Λ× Z → Z which is fiberwise a free cocompact group action. Thus, taking the quotient of this action fiberwise, we obtain a fiber bundle Z with fiber a compact smooth manifold M . Now let D be a continuous family of elliptic differential operators over X acting on a family of vector bundles over the fibers of Z in the sense of [2] . This can be lifted to an elliptic family D over Z. The family D has an index Ind(D) lying in K 0 (X) as described in [2] . An index of the lifted family D can be constructed using a version of the Baum-Connes assembly map. This index, which we denote by L 2 -Ind( D) is naturally an element of K 0 (X; NΛ), the K-theory of X with coefficients in the algebra bundle NΛ whose fiber is the group von Neumann algebra of the fiber of Λ. The bundle NΛ has an obvious one-dimensional subbundle of algebras whose fiber is isomorphic to C and which we denote by C. The latter bundle has a natural section (obtained by taking the unit at every point) and hence can be trivialized. Thus the inclusion C ֒→ NΛ induces a natural map j :
. The main result of this paper is the equality:
Our proof relies on the main idea of [7] where the Atiyah's L 2 -index theorem is proved using embeddings into acyclic groups and a naturality property of the Baum-Connes assembly map. We conjecture that our theorem can be extended to the case of a family of operators invariant under a free action of anétale groupoid.
In Section 2 we briefly review the classical Atyiah-Singer index for families in the framework of K-homology and describe the construction of the above mentioned L 2 -index in detail. Section 3 contains the proof of Theorem 1.1 and also a derivation of a cohomological formula for L 2 -index under the assumption that X has the homotopy type of a finite simplicial complex.
The index maps
We begin by fixing some notation. All fiber bundles considered in this paper will be assumed locally trivial. Let Λ be a bundle of groups over a compact Hausdorff base space X with fiber isomorphic to a discrete group Γ as in the Introduction. Then the classifying space functor B, the universal principal Γ-space functor E, the group von Neumann algebra functor N and the reduced group C * -algebra functor C * (the latter is a functor only with respect to inclusions) can be applied fiberwise to Λ to obtain bundles denoted respectively by BΛ, EΛ, NΛ and C * Λ. We shall always use upper indices for the K-theory groups of spaces as well as of C * -algebras and lower indices for the K-homology groups. All tensor products of C * -algebras are minimal. For a locally compact space Y , C(Y ) will stand for the algebra of continuous functions on Y vanishing at infinity.
2.1. The Atiyah-Singer index for families. Let π Z : Z → X be a fiber bundle of closed manifolds as in the Introduction. Atiyah and Singer have introduced in [2] the notion of continuous family of elliptic differential operators acting on a family of vector bundles over the fibers of Z. Let D be such a family, then its index Ind(D) is defined in [2] as an element of K 0 (X). An alternative construction of the same index can be given as follows. In [12] Kasparov has introduced the KK-groups RKK(X; A, B), where A and B are two C(X) − C * -algebras. We note that C(Z) is naturally a C(X) − C * -algebra and define the parametrized K-homology of Z to be the group RKK 0 (X; C(Z), C(X)) and denote it by K 0 (X; Z). It follows from the calculus of continuous families of pseudodifferential operators, see e.g. [16] , that D defines a class [D] 
is the map induced by the projection π Z . Next we define K 0 (X; BΛ), the parametrized K-homology of BΛ, in the usual manner as the inductive limit of the groups RKK 0 (X; C(Ω), C(X)) over all compact subbundles Ω of BΛ. Let π BΛ be the projection BΛ → X. We denote the induced map π
by (index) Λ , which is justified by the following observation. Let f : Z → BΛ be the map given by the family of classifying maps for the family of Γ-bundles Z x → Z x , x ∈ X and f * be induced map on parametrized K-homology. Then by functoriality we have (A, B) , where G is a locally compact groupoid endowed with a Haar system and A and B are two C * -algebras on which G acts, such that when G is a compact space X one has KK X (A, B) = RKK(X; A, B). Taking G = Λ and letting Y be a fiber bundle with fiberwise free cocompact action of Λ, we define K Λ 0 (Y ), the Λ-equivariant parametrized K-homology of Y , as the inductive limit of the groups KK Λ 0 (C 0 (Ω), C(X)) over all Λ-invariant, Λ-compact subbundles of EΛ. One can construct a Kasparov descent homomorphism in Le Gall's groupoid equivariant theory and therefore also a Baum-Connes assembly map
for any free G-compact space Y ; cf. [18] . (Here C * G denotes the reduced groupoid C * -algebra of G.)
In the case when G = Λ and Y is as above, we have a natural isomorphism
2) We shall make use of the following naturality property of the assembly map.
Theorem 2.1. If i : Λ 1 ֒→ Λ 2 is an injective morphism between the group bundles Λ 1 and Λ 1 the following diagram is commutative.
Above, the obvious maps induced by i are denoted by the same letter. Proofs of (2.2) and (2.3) in the case when X is a point can be found in [20] . The generalizations to the parametrized case are straightforward.
Denoting by α the inclusion C * Λ ֒→ NΛ, we define the map
where the group K 0 (X; NΛ) is the K-theory of the algebra of continuous sections of the bundle NΛ.
If f : Z → EΛ denotes the lift of the family of classifying maps f considered in Section 2.1, we have by (2.2) the commutative diagram 
We remark that a different definition of the equivariant index of D is given in [16] . The equivalence of these two definitions in the case of a single group follows from the well-known equivalence of the two definitions of the assembly map (à la Baum-Connes-Higson andà la Kasparov), see, e.g, [19] . Again, the extension to the case of a group bundle is straightforward. Now it easily follows from (2.1), (2.4) and (2.5) that in order to establish Theorem 1.1 it suffices to prove that the maps (L 2 -index) Λ and j • (index) Λ coincide, which will be done in the next section.
Proof of Theorem 1.1
Recall that a group Γ is called acyclic if its homology H • (BΓ, Z) vanishes in all positive degrees. Every discrete group can be embedded into an acyclic group. This was first proved by Kan and Thurston in [11] , using a result of Mather [15] . We observe here that their construction satisfies the following additional property: Theorem 3.1. For every countable group Γ there exists an acyclic countable group A Γ and an embedding i : Γ ֒→ A Γ such that i(Γ) is a normal subgroup and if two elements of Γ are conjugate in A Γ , they are conjugate in Γ as well.
In order to see why the above holds, we briefly review the construction of the embedding i from [11] . Let AutQ denote the group of automorphisms with finite support of the group of the rational numbers Q, and Γ Q , the group of the functions from Q to Γ with finite support. Then AutQ acts on Γ Q by composition and one can consider the semidirect product A Γ = AutQ ⋉ Γ Q . The group Γ naturally embeds in A Γ by sending γ ∈ Γ to (δ γ , id), where the function δ γ ∈ Γ Q takes value γ at 0 and it equals the identity element in Γ for all other arguments. The group A Γ turns out to be acyclic but it is certainly not countable. However one can pass to a countable subqroup A Γ of A Γ which is still acyclic. Now let γ be in Γ and let a = (a 1 , a 2 ) be an element of A Γ with a 1 ∈ AutQ and a 2 ∈ Γ Q . A simple computation shows that
We note that an embedding with similar properties was constructed in [5] . Let Z(A) denote the center of the algebra A. In the situation described above we have the following Lemma 3.2. The inclusion i induces an injection of algebras i : Z(NΓ) ֒→ Z(NA Γ ) and an injection of groups i :
Proof. We begin by observing that i induces an injection: NΓ ֒→ NA Γ . Indeed, it is clear that i induces an injection at the level of complex group algebras: CΓ ֒→ CA Γ and this map extends to an isometry: NΓ ֒→ NA Γ . Next we show that i(Z(CΓ)) ⊂ Z(CA Γ ). Let z ∈ Z(CΓ), i.e., γzγ −1 = z for every γ ∈ Γ. Using (3.1) we find that
for every a ∈ A Γ , hence i(z) ∈ Z(CA Γ ). As the center of a group von Neumann algebra is generated by group elements having finite conjugacy classes, we see that i maps Z(NΓ) into Z(NA Γ ).
To prove injectivity at the K-theory level, recall the existence for every finite von Neumann algebra A of the universal center-valued trace Tr : A → Z(A) with the property that Tr(z) = z for every z ∈ Z(A) (see [10] ). It is well-known that this trace descends to an injection: K 0 (A) ֒→ Z(A) which we also denote by Tr. Thus we obtain the commutative diagram
To show the second claim in the lemma, observe that the inclusion i : Γ ֒→ A Γ has a natural section p : A Γ → Γ, i.e. p • i = id, defined by p(a 1 , a 2 ) = a 2 (0) (we use the same notation as in (3.1)). The latter map induces a section at the level of group von Neumann algebras, hence by functoriality we obtain the short split-exact sequence
and the lemma follows.
With the help of this lemma one easily obtains an injection at the level of Ktheory groups with coefficients. Proof. Let C(X, NΛ) denote the C * -algebra of continuous sections of NΛ. We first assume that the bundle Λ is trivial and fix a trivialization Λ ∼ = X × Γ which yields a natural isomorphism of C * -algebras C(X, NΛ) ∼ = C(X) ⊗ NΓ. Recall that K 1 (A) = 0 for every von Neumann algebra A and that K 0 (A) is torsion-free for for every finite von Neumann algebra A. Thus, as it was already observed in [17] , the Künneth theorem in C * -algebraic K-theory (see [6, Chapter 23]) implies that
Using Lemma 3.2 we find that
and the lemma in the case of trivial Λ follows. Note that the same argument shows that i induces injection of the corresponding K 1 -groups. The proof for general Λ is a Mayer-Vietoris type of argument. Let {U k } s k=1 be a closed cover of X such that the restriction of Λ to each U k is trivial. For every k and l we have a short exact sequence of C * -algebras
and also an analogous sequence with NΛ replaced by NA Λ . These exact sequences induce natural cyclic six-term exact sequences of K-groups. Thus we can consider the commutative diagram
and observe that if u ∈ Im(i 2 ) ∩ Im(α 2 ) then u ∈ Im(α 2 • i 1 ). Now using that i induces an injection of the K-groups of U k and U l , an easy diagram chase (similar to the proof of the five lemma) shows that i induces an injection of K 0 -groups of U k ∪ U l as well. The lemma follows by induction. Now we are ready to finish the proof of Theorem 1.1 as in [7] . For convenience of the reader we present the argument in some detail.
We first prove the theorem assuming that Γ is acyclic. In this case the Whitehead theorem implies that the suspension ΣBΓ is contractible. Let ε denote the trivial subbundle of Λ with fiber the identity element of the fiber of Λ. Using the long exact sequence for parametrized K-homology, (the existence of which follows from [3] ) one sees that the inclusion ε ֒→ Λ induces an isomorphism γ : K 0 (X; Bε) → K 0 (X; BΛ). Applying Theorem 2.1 to the above inclusion yields the diagram
For an arbitrary fiber Γ, consider the embedding i : Λ ֒→ A Λ as above. We find from the obvious naturality of the map (index) Λ and Theorem 2.1 the commutative diagram Now it follows from the first part of the argument that
Observing that i is injective by Lemma 3.3 finishes the proof.
Next we derive a cohomological formula for our L 2 -index, first assuming that X is a smooth manifold (possibly with boundary). Then each element in K 0 (X, NΛ) can be represented by a smooth projection ([17, Section 2]). Observe that the standard Kaplansky trace on NΓ extends to a map from NΛ to C. Using this and (a slight generalization of) the Chern-Weil theory developed in [17, Section 4] we obtain a Chern character
with the property that j • Ch = Ch, where j is as above and Ch denotes the classical Chern character. Note that Ch can be defined assuming only that X has the homotopy type of a finite simplicial complex since every such complex is homotopy equivalent to a smooth manifold with boundary. Thus we easily derive the following Of course, the right-hand side of the above equality can be computed by the cohomological version of the classical Atiyah-Singer index theorem for families. We finally remark that results in [4] imply that the last corollary is essentially equivalent to the cohomological L 2 families index theorem proved in [9, Section 5.4].
